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Abstract
The 1/N expansion for the O(N) vector model in four dimensions is reconsidered. It
is emphasized that the effective potential for this model becomes everywhere complex
just at the critical point, which signals an unstable vacuum. Thus a critical O(N) vector
model cannot be consistently defined in the 1/N expansion for four-dimensions, which
makes the existence of a double-scaling limit for this theory doubtful.
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The matrix model approach [1, 2] to c ≤ 1 matter coupled to two-dimensional gravity has
provided a number of new insights, as well as a non-perturbative definition of the sum over all
genus in string theory. An essential feature of these methods is the existence of a critical value of
a coupling constant gc, and a double scaling limit N → ∞ and g → gc, such that an appropriate
correlated scaling variable is kept fixed.
It is an interesting question to examine other field theories which allow for a double scaling
limit. In particular the O(N) vector model [3, 4, 5] and generalized vector models [6] have been
studied for dimensions D=0,1,2, and 3 in the double scaling limit [7, 8, 9]. The possibility of a
double scaling limit for the (Φ2)2 O(N) vector model has also been considered for D=4 [8, 9], which
is the subject of this note. We will argue that precisely at the critical point the effective potential
for the D=4 theory becomes everywhere complex, which undermines the consistency of the D=4
O(N) vector model at the critical point, and thus makes the existence of a double scaling limit
doubtful. This problem does not arise for D<4.
The 1/N expansion of the O(N) symmetric λΦ4 theory in D=4 has been studied extensively
[3, 4, 5]. We follow the analysis of ref. [4]. The unrenormalized Lagrangian is defined by
L = 1
2
(∂µΦ)
2 − 1
2
µ20 Φ
2 −
λ0
4!N
(Φ2)2 (1)
where Φa is an N-component quantum field, and Φ
2 =
∑N
a=1 Φa Φa. To leading order in 1/N, the
effective potential satisfies
dV (φ2)
dφ2
= 1
2
χ(φ2) (2)
where χ is related to the constant classical field φ by the gap equation
χ = µ20 +
λ0
6
(
φ2
N
)
+
λ0
6
∫
d4k
(2pi)4
1
k2 + χ
(3)
where the integral is over Euclidean momenta. One introduces renormalized parameters µ2, λ, and
2
g, as well as renormalization group invariant quantities χ
0
and ρ(φ2), with
χ(φ2) = ρ(φ2)χ
0
. (4)
The gap equation becomes
ρ ln ρ = −
96pi2
χ
0
(
µ2
g
)
−
16pi2
χ
0
(
φ2
N
)
(5)
which shows that χ(φ2), and hence V (φ2), is determined once the two renormalization-group in-
variant parameters χ
0
and (µ2/g) are specified.
From Figure 1 of ref 4, one observes that ρ(φ2) is a double-valued function of ρ ln ρ for
−e−1 ≤ ρ ln ρ ≤ 0. These two branches are defined by
branch I: ρI < e
−1
branch II: ρII > e
−1 (6)
and where branches I and II of V (φ2) denote that portion of the effective potential determined by
the corresponding two branches of ρ(φ2). Thus the effective potential V (φ2) has two branches for
φ2 < φ2b , and was shown to be everywhere complex for φ
2 ≥ φ2b , where φb denotes the branch point
of the effective potential in the notation of ref. [4]. Further
Re
dV (φ2)
dφ2
∼
φ2→∞
−8pi2(φ2/N)
ln(φ2)
(7)
so that the potential has no lower bound. [See Figures 2, 3, and 4 of ref. [4]]. Branch I of V (φ2)
always lies above branch II, and Green’s functions built on vacuua defined by branch I always
contain tachyons. On the other hand Green’s functions constructed with respect to a vacuum
defined by branch II are free of tachyons in each order of the 1/N expansion. This requires ρII > e
−1,
or equivalently φ2 < φ2b . [However, even though a consistent perturbative 1/N expansion can be
3
defined with respect to vacuua of branch II, the theory is unstable to (non-perturbative) tunneling
to φ2 →∞].
Consider the inverse propagator for the composite field χ, computed for a vacuum defined
by branch II. The result is [4]
N−1D−1χχ(p) =
1
32pi2
[1 + ln ρII(φ
2)] − 3[f(0,m2)− f(−p2,m2)] (8)
where m = χ(φ2) and
f(−p2,m2) =
1
48pi2
√
p2 + 4m2
p2
ln
[√
p2 +
√
p2 + 4m2
2m
]
for p2 ≥ 0 . (9)
with the propagator defined by analytic continuation for other values of p2. This is identical to the
2–point function defined by DiVecchia, et al., [9], i.e.,
− Γ(p) = N−1 D−1χχ(p) (10)
where Γ(p) is equation (3.45) of ref. [9]. In particular our renormalization group invariant parameter
− [1 + ln ρII(φ
2)] =
4pi2
f(µˆ)
+ ln
(
µˆ2
m2
)
(11)
where the right-hand side of (11) is the parameterization of ref. [9].
The critical point of the theory is defined by Γ(0) = 0, which requires
1 + ln ρII(φ
2) = 0 (12a)
or equivalently
ρII(φ
2) = e−1 (12b)
which corresponds to the bound-state mass m2B = 0, and
(φ2b/N) = 0 (13)
4
[c.f. Equation (5.25b) and (5.29) of ref. [4]]. Equation (13) implies from the analysis of ref. [4] that
the leading term in the 1/N expansion of the effective potential V (φ2) becomes everywhere complex,
just at the critical point defined by m2B = 0. The next to leading term in the 1/N expansion for
V (φ2) is also everywhere complex when m2B = 0 [4, 5]. Presumably this is a feature of every order
in 1/N.
Since an effective potential that is everywhere complex signals an unstable vacuum, we con-
clude that a critical O(N) vector model cannot be consistently defined in the 1/N expansion for
D=4, and therefore there the double scaling limit for this theory is problematical.
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